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The Criteria for Beneficial Disorder in Thermoelectric

Solid Solutions

Heng Wang, Aaron D. Lalonde, Yanzhong Pei,* and G. Jeffery Snyder*

Forming solid solutions has long been considered an effective approach for
good thermoelectrics because the lattice thermal conductivities are lower
than those of the constituent compounds due to phonon scattering from dis-
ordered atoms. However, this effect could also be compensated by a reduc-
tion in carrier mobility due to electron scattering from the same disorder.
Using a detailed study of n-type (PbTe),_, (PbSe), solid solution (0 <x< 1) as
a function of composition, temperature, and doping level, quantitative mod-
eling of transport properties reveals the important parameters characterizing
these effects. Based on this analysis, a general criterion for the improvement
of zT due to atomic disorder in solid solutions is derived and can be applied
to several thermoelectric solid solutions, allowing a convenient prediction of
whether better thermoelectric performance could be achieved in a given solid
solution. Alloying is shown to be most effective at low temperatures and in
materials that are unfavorable for thermoelectrics in their unalloyed forms:
high lattice thermal conductivity (stiff materials with low Griineisen para-

meters) and high deformation potential.

1. Introduction

Energy recovery from waste heat at elevated temperatures is
attracting interest due to the increased demand of higher fuel
efficiency and smaller environmental impact. Thermoelectric
generation enables the direct heat to electricity conversion thus
is desirable for such applications.'l Developing bulk materials
with high figure of merit, zT, defined as zT = S 26 T/(x, +k; ) (S
is the Seebeck coefficient, o is the electric conductivity, and «,
and x; are the electronic and lattice thermal conductivity, respec-
tively), is the focus of thermoelectric materials research.?3!
PbTe and its alloys are widely studied for applications around
500-900 K. Various efforts have been made to achieve higher
zT at this temperature range via nanostructuring®# and energy
band distortion.P! Studies have also shown that when doped
properly high quality PbTe would demonstrate its inherent
maximum zT of 1.5 (p-typel®) and 1.4 (n-type’)). On the other
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hand PbSe, the analog of PbTe containing
much cheaper element of Se was also
found to have maximum 2T of 1.2 in both
p typel® and n type materials.[>1¥!

Further improving of zT should be
through material engineering to produce
more favorable features over conven-
tional materials.™ A good example is by
forming solid solutions!!? (i.e. alloying),
which has been successfully used in sys-
tems such as Si;_Ge,"! Mg,Si; Sn,
Bi, ,Sb,Te; (or Bi,Te; Se)!'>!% and half-
Heusler compounds (for instancel!’!
Hf;_ZrNiSn;_,Sby). The alloying of IV-VI
compounds has also been studied in his-
tory for their influence on thermal, elec-
trical and mechanical properties. Results
are reported by for instance Ioffe,'®!
Stilbans,'®1] and Alekseeva.??l Recent
incorporation of alloying with the concept
of energy band engineering has enabled
zT improvement in p type PbTe;_Se,, 1?1
Pb,_,Cd,Te??l and Pb, Mg, Te.??l As the band structure engi-
neering approach does not explicitly involve additional phonon
and electron scattering, its effect should be characterized sepa-
rately and is not included in following analysis of phonon and
electron scattering from the atomic disorder.

In solid solutions, defects from atomic disorder act as scat-
tering centers for phonons leading to the lattice thermal con-
ductivity reduction. At the same time this disorder causes local
potential energy fluctuations that induces additional charge car-
rier scattering resulting in mobility reduction as well. In ther-
moelectric material research, these effects are often considered
qualitatively, sometimes even one-sided. There are, however
quantitative transport models that could weigh the magnitude
of each reduction. For example the model developed by Cal-
laway®* and Klemens®! for thermal conductivity in solid solu-
tions due to point defect scattering have been widely used in var-
ious materials systems.['2%27] On the other side the electronic
transport perturbed by atomic disorder was also studied since
the 1930s by Nordheim[®®! in metal alloys and later Brooks!?”!
and Glicksman®¥ in Si-Ge.

The thermoelectric quality factor B used by Chasmar and
Stratton®! determines the optimized zT of thermoelectrics
when the dominant scattering mechanism is known. For mate-
rials used above room temperature with the absence of bipolar
effects the charge carrier scattering is dominated by phonons
through non-polar processes, then according to deformation
potential scattering theory:>?
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where C)is the average longitudinal elastic constant,% N, is the
valley degeneracy of conducting band, mj is the inertial effec-
tive mass and Z the effective deformation potential coefficient
for non-polar phonon scattering. The quality factor B in Equa-
tion (1) accounts for a single type of electron scattering while
for disordered crystals the additional alloy scattering should
also be included.

Here we studied the n-type (PbTe);_,(PbSe), solid solution
throughout the composition range, which is an ideal system
for the quantitative study of disorder in thermoelectrics. Well
determined transport parameters of PbTe and PbSe are avail-
able in literature®" and have been confirmed by our previous
studies.”?! The two compounds are completely miscible
throughout the composition range. The conduction band struc-
ture of both are very similar and simple showing single band
behavior, which enables the discussion and understanding of
transport properties using a relatively simple model, without
involving the complexity of changing band structure when
forming solid solutions. Our result demonstrated the validity
of transport models commonly used in describing the addi-
tional phonon and electron scattering due to disorder. The key
parameters derived from these models were further incorpo-
rated into B to obtain a comprehensive evaluation of their influ-
ence on material figure of merit. We have found that B and
2T are unchanged throughout the solid solution composition
in n-type (PbTe);_(PbSe),. The analysis applied in this work is
consolidated as general criteria to estimate the potential of zT
improvement by introducing atomic disorder and these criteria
are demonstrated in several thermoelectric solid solutions.

2. Results and Discussions
2.1. Band Structure and Seebeck Coefficient

The phase purity and the typical solid solution behavior were
first checked by X-ray diffraction (XRD) on sintered samples.
Single FCC phase was observed in all samples under XRD. Lat-
tice parameters were extrapolated from high angle diffraction
peaks and are found changing with composition as predicted
by Vegard’s law (the dashed line in Figure 1). The same trend
has also been observed in previous study.'!l As Vegard’s law is
obeyed by all solid solutions with atomic level random distri-
bution, all the samples are thus considered as solid solutions
and the nano-scale compositional fluctuation is not explicitly
considered.

The band structures of lead chalcogenides (PbTe, PbSe and
PbS) are described with a model that features two bands on
the valence band side.**l Despite the band structure being sug-
gested more complicated,®%] this model explains the transport
properties very well.[6:11]

The conduction band of both PbTe and PbSe contains a
single minimum at L point of the first Brillouin zone.*® The
dispersion relation near the band edge can be better approxi-
mated with the non-parabolic Kane band model,”*7-3% instead
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Figure 1. Lattice constants of (PbTe);_,(PbSe), solid solutions as function
of Se content, being consistent with Vegard’s law.

of the parabolic band model. These basic band features should
apply for the solid solution between them.

The difference in band structure affects the transport
properties, which is understood primarily through the effec-
tive mass (when the minority carriers are negligible). The
total density-of-state effective mass m,* are very similarl’->34
for the conduction band in PbTe and PbSe. This quantity for
their solid solution is also found nearly independent of com-
position. To demonstrate this the Seebeck coefficients were
plotted against Hall carrier density at different temperatures in
Figure 2. The solid lines are calculated results using m;" 3p0x =
0.27 m, and dLnmy"/dLnT = 0.45 (parameters taken from our
previous study) under the acoustic phonon scattering domi-
nant assumption and the single Kane band (SKB) model. The
open symbols are from PbTe (squares) and PbSe (circles), both
showing good agreement with the calculated curves. The See-
beck coefficients of solid solutions are also found following the
same trend regardless of their composition. In other words m;*
does not change in n type (PbTe);_(PbSe), and samples with

000 PbSe
ooo PbTe 4
® o o (PbTe), (PbSe), Se rich |
u u = (PbTe), (PbSe), Te rich .

800 K
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Figure2. Seebeck coefficientversus Hall carrier density of (PbTe),_,(PbSe),
solid solutions at different temperatures, data for binary PbTe and PbSe
are also shown.
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Figure 3. a) Hall carrier density (300 K) and b) Seebeck coefficient (n,; 300k = 4E19) as function of alloy composition.

similar Hall carrier density would have similar Seebeck coef-
ficient values.

Halogens do not change the band structure of lead chalco-
genides.3** The substitution of Br and I for Se and Te adds
one electron per atom to the conduction band as long as these
electrons are delocalized. Delocalization occurs at sufficiently
high dopant concentrations and temperatures measured in
this study. This allows the following discussion on the carrier
concentration dependent Seebeck coefficient without involving
additional band structure modification due to I- or Br-doping.
Figure 3 shows the Hall carrier density and Seebeck coefficient
as function of alloy composition. It demonstrates the consist-
ency of S values among samples with different composition
but similar doping level. The very small fluctuation in ny and S
within each group, named after their nominal Hall carrier den-
sity at 300 K, assures that the following discussions are based
on results not affected by carrier density (or chemical potential)
difference.

The band gap of PbTe and PbSe are 0.19 eV and 0.17 eV (0 K),
respectively.!l Temperature dependence of +4 x 107* eVK™!
was determined? experimentally using optical methods for
both compounds. According to the two-valence-band model,
the band gaps saturate at 0.36 eV for PbTe and 0.47 eV for
PbSe when the energy level of L valence band reaches that of
the temperature independent ¥ band. However how the band

£ (a) x undoped
1200 4 o nys0k=4E19 |
0
£ s
e <
=5 =
300 K
0 L) L) L) L)
0 20 40 60 80 100
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gap changes in (PbTe),_, (PbSe), solid solutions at high tem-
peratures has not been studied and it is thus assumed that the
band gaps of solid solutions are linear combinations of those
of two binary compounds at that temperature. We note that the
experimental results on optical band gap measurements is con-
sistent with this assumption within 0.02 eV in undoped sam-
ples at both 77 K3 and 300 K.* This is true even for doped
samples!®! with influence from free carrier absorption.

2.2. Mobility Reduction Due to Alloy Scattering

In solid solutions an additional scattering mechanism of car-
riers is introduced due to the random distribution of different
atoms on the same lattice site. The mobility of solid solution is
thus lower than that of pure compound. In Figure 4 the drift
mobility (1 = uy/A, A is the Hall factor calculated as a function
of the chemical potential which is further obtained from meas-
ured Seebeck coefficient, see ref. 8 supporting information for
detail. For the doping range studied here A is found around
1.17 at room temperature) is plotted as function of alloy com-
position. The mobility drops dramatically as a small amount of
substitutional atoms (x ~ 0.05) were introduced and then gradu-
ally saturate and reach a region after x > 0.3 where the mobility
is relatively insensitive to alloy composition. Two sets of room

0.4+ X undoped
o My a0 =2E19
029, 1, 0 =3E19 r0.2
o ny 5k =4E19 300K
0.0 T T T T 0.0
0 20 40 60 80 100
Se%

Figure 4. The drift mobility at 300 K for (PbTe);_,(PbSe), solid solutions with different doping levels. a) drift mobility b) reduction relative to PbSe or
PbTe. Solid lines are calculated results taking into account the alloy scattering of carriers.
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temperature data are included in Figure 4a). The dots are from
samples with carrier density of about 4 x 10! cm™3. The crosses
are for undoped samples taken from Efimova and Stil'bans’
report.l*’]

The atomic level disorder in solid solution produces poten-
tial energy fluctuation, which is analogous to the defor-
mation potential caused by phonon waves (which induces
acoustic phonon scattering) and is usually called disorder scat-
tering!*® or alloy scattering. Such effect was first studied by
Nordheim® in metal alloys from the 1930s and the associated
electron relaxation time 7., was shown depending on alloy
composition and carrier energy. Brooks!?”] later pointed out that
Tailoy also has a temperature dependence of T !/ as oppose to the
T3/ dependence for acoustic phonon scattering. Glicksman
et al.B%4%] studied Si-Ge and I11-V alloys and developed the
expression for mobility due to alloy scattering. The first explicit
expression of relaxation time 7,,, was later developed by Har-
rison and Hauser!*#’l for nondegenerate 111~V semiconductors:

8t
3vV2nQx(1 — %) U2m; ' (ky T)V/2

~1/2

(2)

Toalloy =

Here Q is the volume per atom, x is the concentration frac-
tion of the alloying atom, U is the alloy scattering potential
which determines the magnitude of the alloy scattering for
the given alloy, m;," is the density-of-state effective mass for a
single valley and ¢ is the reduced carrier energy € = E/kpT. Note
that Equation (2) was derived for nondegenerate semiconduc-
tors under the single parabolic band assumption. Thus for the
single Kane band model taking into account band nonpara-
bolicity, arbitrary degeneracy and energy dependent electron
phonon interaction®! (being analogous to the relaxation time
for acoustic phonon scattering), the equation above is general-
ized as:

8n*
321 Qx(1 — %) U2m;"? (ks T)V2

Talloy =

8a(e + ezot)i|71 o)

x (& + &) VA1 + 2ea)™! [1 -
3(1+ 2ea)

Here a = kgT}¢,, &, being the gap between conduction band

and valence band at L point.
The total relaxation time is given by Matthiessen’s rule:

-1 -1 -1
Tiotal = tpure + ralloy (4)

For the relaxation time without the alloy effect 7., the non-
polar deformation potential (acoustic) phonon scattering is

used (1, ):1>34

ﬂh4cl

1/24,%3/2 31222
212m, " (kg T)32E

Tac =

8a(e + sza)] -

X (e + &) V(1 + 2304)*1[1 -
3(1+ 2eq)

()

Parameters in equation (5) have been determined in previous
studies on n-type PbTel”l and PbSe.”! For a given alloy compo-
sition, 7, is assumed to be the linear combination of the two
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binary compounds. In lightly doped lead chalcogenides the
polar scattering from optical phonons (with relaxation time
T,0) was also observed therefore this mechanism is also
considered.

-1 _ -1 -1
Tpure - Tpa + Tac

(0)

Once the total relaxation time is determined the mobility can
be calculated from:34

e J7 =)o (e) (e + e?)2(1+ 2ae) " de
T om Joo (=) e + as?)de

(7)

The calculated results are plotted in Figure 4 as solid curves.
Most parameters used in the modeling are supported by inde-
pendent experimental measurements. The only undetermined
parameter is the alloy scattering potential U, which is assumed
temperature and composition independent. In this study U was
found to be 1.1 eV for n type (PbTe),_,(PbSe), system by fitting
the experimental data in Figure 4a). With no other adjustable
parameters this model explains quantitatively the observed
mobilities at 300 K extremely well for samples with and without
doping.

The alloy scattering relaxation time 7,,, has the same energy
and effective mass dependence as does acoustic phonon scat-
tering 7,. This indicates that its relative importance to the
acoustic phonon scattering is fixed at a given temperature and
alloy composition regardless of the doping level. This is con-
firmed by our experiment (Figure 4 (b)) as the relative reduc-
tion of mobility described by 1/1p,x, Where py is the mobility
of corresponding matrix compound with the same carrier
density, is the same for sets of samples with different doping
level.

As the temperature increases the current model tends to
overestimate the mobilities. The same deviation was also
observed in n type PbSe without disorder.”! A good fit at 800 K
could be made allowing the effective deformation potential coef-
ficient Z to increase by 15% (Figure 5). = is generally consid-
ered temperature independent and the apparent increase could
have several different origins. For instance the influence from
minority carriers at high temperature or the decrease of elastic
constants (C)) with temperature, both are not included in the
current model so that the phenomenological adjustment of =
is used to accommodate their influence while keeping the sim-
plicity of the model. It is also possible that the temperature acti-
vated deformation potential scattering from optical phonons!*®!
or inter-valley scattering*”! does make the effective deformation
potential coefficient Z to slightly increase over a wide tempera-
ture range.

The value of alloy scattering potential U is of key importance
to the magnitude of mobility reduction at a given composition.
Values of U, however, are available only for a few systems.[>%-¢
These are shown in Table 1 along with some other physical
property differences!*®©512b of the alloy components. The
typical magnitude of U is found between 0.6 to 2 eV, which
is much smaller than a typical effective deformation poten-
tial coefficient = (8 to 35 eV)). The value of U should be,
according to Brooks,?! related to the band gap difference. This
is claimed©>2 later to be inaccurate to calculate U whereas the
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Figure 5. The drift mobility at 800 K for (PbTe),_,(PbSe), solid solutions,
samples are with similar Hall carrier density. The solid curve is calculated
from the model described in the text.

difference of electron affinity might be a possible alternative.
Neither of these could however explain the value of U found
for n-type PbTe-PbSe, as both the band gap and electron affinity
difference between PbTe and PbSe are very small.

2.3. Lattice Thermal Conductivity Reduction Due to Point Defect
Scattering

Despite their lower mobility the solid solutions are still of great
interest for thermoelectric applications because of another
important effect of alloying: the reduction of lattice thermal con-
ductivity. The effect of alloying on lattice thermal conductivity
is accounted for by introducing the point defect scattering of
phonons.

Table 1. A comparison of the alloy scattering potential U in a few solid
solutions together with the difference between two constituents in elec-
tron affinity AX, band gap AE,, molar mass AM, and lattice parameter
Aa. My, ¢ stands for the heavier one and the larger one of the two com-
pounds, respectively.

Alloy system  AX AE, AM Ao U Note
eVl [eV]  (AM/My)  (Aojoy) [A] [eV]
n-Al,Ga,N 359 269 427 (61%) 0.21 (4%) 1.5-2.0® Aacompare
c direction,
U numerical
calculation
n-Al,GaAs 0.432 1.72 427 (61%) 0.01 (0.1%) 1.19 U numerical
calculation
n-Cdy_ZnTe 0.8%) 0838 88.2(44%) 037 (6%) 1.1(0.4)"
n-lnAsi P, 059 099 44 (58%) 019 (3%)  0.6"
n-Sip,Ge,  0.05) 046 445 (60%) 0.23 (4%) 0.6—1.0)
n-PbSe,,Te, 0.1) 002 486 (38%) 0.33 (5%) 1. U from
this work

Taken from Ref. [62]; P)Ref. [50a]; IRef. [SOb]; YIRef. [51a]; © Ref. [51b]; ! Ref. [50c];
8IRef. [46c]; "Ref. [50d]; IRef. [5O0e]; ! Ref. [5Of].
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For high quality, pure compounds assuming Umbklapp
phonon scattering dominance, the thermal conductivity is:>>>4

kp): QY3 Mo} Mv?
=c(22 =C
L (h) y2T TQY3y2 (8)

Here v is the averaged speed of sound, 6j is the Debye
temperature, M is the averaged atomic weight and 7y the
Griineisen parameter. The factor C used by Toberer et al.>? is
(672213 /47 while other values were also suggested by different
researchers.’>*¥ In lead chalcogenides such 1/T behavior was
observed,?* which implies the Umklapp process being domi-
nant. Equation (8), when applied for PbTe and PbSe, overesti-
mates the lattice thermal conductivity at 300 K by a factor of
2 (exact value is sensitive to the choice of Debye temperature).
This is probably due to the recently discussed strong coupling
between optical and acoustic phonons. >

If the scattering from interfaces is further negligible, as is
the case for high quality materials without nano-structuring,
the only existing phonon scattering mechanism in solid solu-
tions would be the Umklapp scattering and the point defect
scattering. The following relation between K gy, and that of
the pure compound &, is proposed by Callaway* and
Klemens®! in such framework and has been successfully used
in various alloy systems:[11,26:56-58]

arctan(u) , 7wOpQ r
= , U= K
KL, pure u 2hp? e )

KL,ulloy _

The scattering parameter I was studied in detail by Kle-
mens?>01 taking into account influences from mass difference,
binding force difference and strain field induced by a point
defect (i.e. alloying atom). Klemens'’s expression contains thus
three terms:

= eri
N B CIRC) | I

M, K and R are the atomic mass, bulk modulus and bonding
length of the matrix and AM and AK are the difference of each
quantity between matrix and introduced compounds. AR is the
difference of local bonding length caused by a point defect. Q
accounts for the accumulative influences on surrounding bonds
from the point defect for which Klemens(®!l used 4.2 for substi-
tutional impurities and 3.2 for vacancies. Abelesl® replaced the
term AR/R with Ad/R where Ad is the difference of bonding
length of matrix and alloying atom in their own lattices so that
for binary (A, By type) or pseudo-binary ((AB);_(AC), type)
systems:[20:3¢]

S

AM and Ao are the difference in mass and lattice constants
between two constituents, M and o are the molar mass and lattice

Adv. Funct. Mater. 2013, 23, 1586-1596
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constant of the alloy. The parameter ¢ is related to the Griineisen
parameter yand elastic properties.?6°658 Abeles wrote € as:

= 26+ 6a) ) 12
8_5[< * 'y)l—r:| (12)

r is the Poisson ratio which for most semiconducting
compounds is found!®?l between 0.15 and 0.3. G is a ratio
between the contrast in bulk modulus (AK/K) and that in
the local bonding length (AR/R). For diamond-like struc-
tures G = 4 was used by Abeles and the calculated € leads
to consistence between the model and observed thermal
conductivities. In general, G is materials dependent and not
straightforward to calculate. Thus, while linkage between €
and basic physical properties is revealed by Equation (12)
the accurate value of € should be obtained by fitting experi-
mental results.?° Nonetheless, for simple cubic structures
like PbTe and Mg,Si, € calculated from Equation (12) using
G = 4 are within a factor of 3 difference from experimentally
determined values.

Due to the great similarity in elastic properties between PbTe
and PbSe the constant value of 65 for PbTe suggested in the lit-
eraturel?¥ is used in this work for the entire solid solution.

Figure 6 shows the lattice thermal conductivity k; at 300 K
and 800 K, the electronic thermal conductivity was determined
using Lorenz number calculated from the SKB model and
assuming acoustic phonon scattering dominant. The calcu-
lated Lorenz number has the same degenerate limit of 2.44 but
is smaller than that from single parabolic band model as the
sample becomes nondegenerate (10% smaller at 300 K when
carrier density is on the lower 10 cm™ level). To minimize
the influence from uncertainty in resistivity measurement the
room temperature k; are obtained from lightly doped sam-
ples such that the electronic contribution x, is very small and
the bipolar contribution is also negligible. At 800 K the x; of
samples with different doping levels are presented and are in

K, (W/mK)

] 800K ]

0.0 f——————+—+
0 20 40 60 80 100

Se %
Figure 6. The lattice thermal conductivity at 300 K and 800 K as func-

tion of solid solution composition. The solid curve is calculated from the
model described in the text.
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reasonable agreement for each composition. The solid solu-
tions show a significant reduction in k; at room temperature, at
high temperature however such effect is significantly less as is
predicted by the theory.

Using 1.9 W/mK and 1.7 W/mK as k; for PbTe and PbSe at
300 K and 0.75 W/mK for both at 800 K, the theoretical reduc-
tion due to point defect scattering in solid solutions is calcu-
lated and plotted in Figure 6, showing good agreement with the
experimental results (with Debye temperature taken as 130 K
and 160 K for PbTe and PbSe, respectively). The model as well
as experimental result indicates a maximum of 45% reduction
(relative to that of pure PbTe) in k; at room temperature. We
notice that previous study on p-type alloys!'! as well as early
literaturel'® has indicated a larger reduction (maximum 55%)
probably due to the different processing or density of defects. At
800 K both experiment and the model indicate a much weaker
reduction with a maximum of 20%.

Si;_Ge, or Mg,Si;_,Sn, are examples where the lattice
thermal conductivity in solid solutions is greatly reduced (up
to 94% reduction in Si;_,Ge/'* and 75% in Mg,Si;_Sn, %)
and hence a significant improvement in zT has resulted. The
reduction in (PbTe),_(PbSe), of 45% (or even 55%) is consid-
erably less than such examples because the mean free path is
already small due to efficient Umklapp scattering in lead chal-
cogenides. In Table 2 the x; reduction is compared among dif-
ferent material systems with the same degree of alloying (30%),
together with the magnitude of the contribution from mass
(AM/M) and strain field (Ao/a and ¢) contrast. It is seen that
the strain field contrast does not change much for different
material systems and none of them is large due to the required
similarity in lattice constant for the solid solution to form. The
PbTe based system has one of the largest €, which actually leads
to the largest total strain contribution among these systems.
The mass contrast in PbTey;Sey3 on the other hand is small
compared to the other systems. The factor with the highest cor-
relation with the thermal conductivity reduction (Ak;/Ky . ) is
the magnitude of & ..

Table 2. relative lattice thermal conductivity reduction in alloy systems
with the same degree of alloying (30%) together with the contribution
from mass (AM/M) and strain field (Ac/a and €) contrast, € is calcu-
lated value from Equation (12).

AKI_/KLVW,e AM/M  Aojo £ Eale KL pure Note
(300 K) (300 K)

PbTe, ;Seq 3 45% 015 005 65 92 1.9 this work;
r=0.279;
y=1.45%

Sig7Geos 94%°) 1.1 0.04 399 47 1509  r=0.30%;

y=0.6°

Mg,SiosSnes  75%" 087 006 230 67 7.99 r=0.179;

y=1.39

GaglngsAs  86%" 029 007 45" 51 45M r=0.259;

y=0.8°)

Taken from: #Ref. [60]; P)Ref. [34]; Ref. [13e]; IRef. [62]; ®Ref. [53]; ORef. [63];
#Ref. [14d]; "Ref. [56].
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Figure 7. zT at different temperatures for solid solutions with different
compositions, doping level is the same for all samples.

2.4. zT Plateau in n-Type (PbTe),_,(PbSe),

In the simplest solid solutions, the net result of alloying on zT
relies on two effects with opposite influences: mobility reduc-
tion and lattice thermal conductivity reduction. In the case of
n type (PbTe),_(PbSe), these two effects are mostly compen-
sated throughout the composition range. In Figure 7 zT at dif-
ferent temperatures (for samples with ny 30k = 4 x 10 cm™)
are shown as function of alloy composition and no appreciable
difference was observed when Se content change from 0% to
100%.

With all parameters in the transport model determined,
2T can be calculated at a given temperature for samples with
any carrier density and alloy composition. Figure 8 shows the
2T mapping at 800 K. In addition to the good agreement with
experimental data (dots), the maximum zT (solid line) achiev-
able for each composition is found almost unchanged (around
1.1, see the projection on Se%-zT plane). The optimum Hall
carrier density is around 2 x 10'° cm™ (see the projection on
ny -Se% plane). A zT plateau is formed where 2T is essentially
unaffected by the solid solution composition as long as the
optimum carrier density is reached, which is not the case for
many other systems. The freedom in composition also means
that the lattice parameter can be altered in the range of 6.12 A
to 6.46 A, which may be advantageous for thin film processing
or strain engineering.

2.5. The Criteria for Beneficial Disorder in Thermoelectric Solid
Solutions

The highest zT that can be achieved in a given material
system is governed by its quality factor (Equation (1)). High
efficiency thermoelectrics are heavily doped so that the defor-
mation potential (acoustic phonon) scattering is predominant
(Tyure = Tag). In alloy systems incorporating Equation (3) into
Equation (5), then substituting Equation (9) for the thermal

conductivity one gets:
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Figure 8. Calculated zT mapping at 800 K for a wide range of alloy com-
position and Hall carrier density, the maximum zT achievable is almost
independent of alloy composition.

2k3h C/ Ny

3 miE 1+ A(L)kr, purearctan(u)/u’

Bulloy =T

3nlx(l — %) G

A=
8kpT

(13)

The relative change of quality factor after forming solid solu-
tions can be written as:

AB _ Balloy _1
Bpure Bpure
u/arctan(u)
T 14 Nae Uy, -1 (14)
+ 8kpT (E)

Where u is defined in Equation (9) and Equation (11). Equation
(14) being greater than zero indicates a possible improvement
of zT in solid solutions. While it is valid over the entire com-
position range it is more useful to examine the initial effect of
alloying, as it will more directly indicate whether the alloying is
beneficial or detrimental.

In dilute solid solutions x << 1 and u << 1, the changing rate
of AB/B,,, can be expressed as:

~ 22QV3 [ V3513 T[(AM)ZJ,- (Aa)z]
- kBT kBGD KL,pure M & o

3C192/3<U)2
8 )
(15)

The pre-factor 7 2 Q /3/kyT, with its 1/T dependence, indi-
cates that the disorder in thermoelectrics become less effective

d AB
dx Bpurz

x=0
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as temperature increases. The main part (inside the braces) con-
tains two terms, which originate from the thermal conductivity
reduction and electronic mobility reduction, respectively. The
sign of Equation (15) determines whether the solid solution is
beneficial (have higher thermoelectric quality factor) compared
with the pure compound.

We further note that xj . is expected to decrease with tem-
perature as T ~! for Umklapp scattering dominant systems, and
assuming the other parameters are temperature independent,
then the second part of Equation (15) is temperature inde-
pendent. Thus this part of Equation (15) can all be evaluated
from the room temperature materials properties:

13 4
4 AB| o @V [ 185
dx Bpure |, (T/K) | (6p/K)
L A[[AMY [Aa)
(KL,pure,300K/Wm K ) vl + & v

—0.038(C1/ G Pa)(Q2*3/ A2 (H)Z} (16)

=}

M and o can be approximated with those for the matrix com-
pound. As the few known values of alloy scattering potential
U are around 1 eV (Table 1), this value should be a reasonable
estimate for other systems.

Equation (16) provides a criterion determining whether dis-
order is beneficial for all temperatures from only the values of
parameters measured at room temperature. Even though Equa-
tion (16) is derived for dilute solid solutions it is qualitatively
applicable as a criterion for the full composition range (Equa-
tion (14)). Calculations using combinations of realistic material
parameters indicate that whenever an appreciable increase of B
is achieved for an arbitrary solid solution composition, the rate
of AB/B,,, in the dilute limit is always large and positive. Thus
Equation (16) being greater than zero is a prerequisite of pos-
sible zT improvement by forming solid solutions. This criterion
is applied to different solid solution systems and the results are
listed in Table 3.

Equation (16) can be further simplified as K,y 300k is related
to Cj and 6p through the speed of sound:

Cl=U12d

h 67‘[2 1/3
E(E) ’

where d is the density, v is the longitudinal speed of sound, and
v is the average speed of sound v given by:

(17)

Op = (18)

1 1 2

3v}

N 3_1),3' (19)

Since usually the transverse speed of sound v, is roughly

60% of the longitudinal speed of sound v, the ratio vj/v can be
approximated as 1.5 if the exact values are not known. Using

Adv. Funct. Mater. 2013, 23, 1586-1596
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Table 3. the criteria (Equation (16) and Equation (20)), based on the
relative change of quality factor, applied to different solid solutions.
Only the second part of each equation (inside the braces) is considered.
Result is expressed as the thermal conductivity reduction part minus the
mobility reduction part. As a comparison the change of maximum zT
observed experimentally is also included.

Equation (16)  Equation (20) Observed zT improvement
(K part—u part)  (k part—u part)
PbTe-PbSe (n) 0.063-0.064 0.025-0.024 not observed, this work
PbSe-PbS (n) 0.016-0.053  0.0075-0.018  zT ~ 1.2 within uncertainty®®
PbS-CaS (p) 0.16-0.061 0.048-0.015 0.8 to 1.19(900 K), zT for PbS
calculated from model
Mg,Si-Mg,Sn (n)  0.50-0.10 0.21-0.029 0.7 to 1.14H (800 K)
Si-Ge (n) 9.85-0.22 1.79-0.047 —to 1.08) (1100 K)

2Ref. [10a]; PIRef. [9]; IRef. [60]; )Ref. [14a]; “IRef. [14b]; IRef. [14c]; ®Ref. [13f].

the value of 0.096 (a quarter of that used by Toberer et al.”?]) for
factor C in Equation (8), reduces Equation (16) to:

TKQ| 1 |:(A M)2 (Aa)z] (U)Z
=220 B ) + (22 |- 10.6( =
oo AksT 42\ M o ©

(20)
the factor C of 0.096 was used in Equation (20) based on the
result of study on (PbTe),_(PbSe), where the two effects of dis-
order are found almost fully compensated. The examples in
Table 3 when evaluated with Equation (20) indicate the same
trends in maximum zT change as observed experimentally.

Besides the temperature T the effectiveness of disorder for
improving thermoelectric performance is affected by several
physical properties of the matrix compound. Those with low
Griineisen parameter 7, large deformation potential coefficient
E, stiff bonds (large bulk modulus K) and large average volume
per atom Q are more likely to benefit from disorder. Thus for
many poor thermoelectric materials that have many of these fea-
tures, forming a solid solution could potentially enhance their
performance greatly. For a given matrix compound, it is best to
select a s solid solution component to create as large contrast
of mass AM/M and size Ac/o as well as a low alloy scattering
potential U as possible to achieve the largest improvement of
zT by forming solid solution. While these qualitative guidelines
are no surprise to the field, Equation (20) gives a quantitative
estimate to the improvement in B and therefore zT for each of
these effects that can be used to rationally select from a wide
range of materials for study.

As a final point we stress that forming a solid solution
might also change the band structure (valley degeneracy,
effective mass, etc.) as is the case for Si-Gel®! and Mg,Si-
Mg,Sn.[%] These effects are not considered here. In experi-
mentally well-examined systems, analysis as outlined above
could lead to indications of whether such changes of band
structure are present. In systems with theoretical insights
on how alloying affects the band structure, Equation (16)
and Equation (20) can be used to predict the potential

d AB
dx Bpure
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improvement of zT after adding these influences accordingly
as extra terms. Estimates on how the change of band struc-
ture affects each parameter in the quality factor B (Equation
(1)) would help estimating the sign and magnitude of these
terms. In p-type PbTe-PbSe alloy for example, the manipu-
lated band convergence adds a positive term so that a zT
improvement is achieved.!'!]

In principle, the above analysis, given for isotropic mate-
rials, should be applicable to many other classes of thermoe-
lectric materials. However the crystalline anisotropy of many
systems (e.g., Bi,Te;, Sb,Te;, Bi-Sb) makes the measurements
and analysis more complicated. For a complete theory the
appropriate equations for anisotropic materials would need to
be derived including the tensor properties of materials (defor-
mation potential, effective mass, Griineisen parameter, strain
field etc.).

In a broader context, the thermal conductivity reduction due
to alloying (through the point defect scattering of phonons) is
most effective in scattering high frequency (small wavelength)
phonons. Further reduction could be achieved in solid solu-
tions if low frequency (long wavelength) phonons are also
scattered by scatterers that produce efficient boundary scat-
tering,l’¥ such as grain boundaries!® and larger scale nano-
structures.’l In systems where the electron mean free path is
much smaller than this length scale this would result in fur-
ther zT enhancement.

3. Conclusions

N-type (PbTe);_(PbSe), solid solutions demonstrate how dis-
order in solid solutions leads to charge carrier mobility reduction
as well as lattice thermal conductivity reduction. These effects
can be well explained by transport models based on the atomic
and electronic band structures. For n-type (PbTe);_,(PbSe), the
reduction in charge carrier mobility almost exactly compen-
sates for the reduction in thermal conductivity leading to no
net increase in zT. The verification of this analysis for solid
solutions leads to a general criterion that predicts whether a
zT improvement is likely when forming certain solid solu-
tions. The criterion suggests that even though materials with
low Griineisen parameter, high deformation potential and stiff
bonds are not ideal thermoelectric materials in the pure form,
they have the most to gain from disorder in the solid solution
form and may ultimately make good thermoelectric materials.
It also explains the importance of choosing the constituents
based on a large mass and strain contrast while minimizing
the alloy scattering potential in order to achieve the largest zT
improvement.

4. Experimental Section

In this work we focused on both the Te-rich and Se-rich side of
(PbTe);_,(PbSe), solid solution. Br was used as dopant (in form of
PbBr;) in Se-rich alloys (PbTe);_, (PbSe), (0.7 < x < 1) and | (Pbly) in
the counterpart (0 < x < 0.25). The doping level spans from ny 300 k =
1.7 % 10" cm™ to 3.8 X 10'° cm™. A slight amount of excess Pb is used
to minimize metal vacanciesl®”! as well as improving the mechanical
strength.[6®]

© 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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For each alloy composition, undoped ingots were first made by
melting elements at 1373 K (1273 K for Te-rich alloys) for 6 hours. The
melted samples were then quenched and annealed at 950 K for 72 hours
in the same ampoule. The doped samples were made by adding different
amount of dopant (PbBr, or Pbl, and Pb) to the undoped chunks and
then melting and annealing in the same pattern as undoped ingots. The
annealed ingots were ground to powder and sintered at 873 K (823 K
for Te-rich alloys) for 60 minutes under 1 atm Ar and 44 MPa pressure
using an induction heating hot press.[”) Pellets obtained are ~12 mm in
diameter and ~1 mm thick, and are all above 98% of theoretical density.

The in-plane resistivities and Hall coefficients (Ry ) were measured
using the Van der Pauw method in a magnetic field up to £2 T. The
Seebeck coefficients were measured along the cross-plane direction
using Chromel-Nb thermocouples.’% The thermal conductivities were
calculated from x = dD;C,, with the thermal diffusivity Dy measured
along the cross-plane direction by the laser flash method (Netzsch
LFA 457) under vacuum with the Cowan model plus pulse correction.
The heat capacity C, was determined using the equation C,/kg
atom™ = 3.07 + 4.7 x 10 (T/K-300) by fitting experimental data,/’"]
which describes C, for all lead chalcogenides within 2% difference and
agrees well with theoretical estimation taking into account®’2 the Debye
heat capacity, the lattice expansion and free carrier contribution. For each
measurement data were collected during both heating and cooling and
no hysteresis or change in properties were observed. (PbTe),_,(PbSe),
system has isotropic crystal structure and in our previous study’
on PbSe the transport properties were tested both along the in-plane
and cross-plane directions and no noticeable difference was observed,
which is believed also the case in this study. The uncertainty of each
measurement is about 5% which combined could lead to a maximum of
20% uncertainty in zT value.
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